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Abstract
We review the shape theory of ∞-topoi, and relate it with the usual
cohomology of locally constant sheaves. Additionally, a new localization of
profinite spaces is defined which allows us to extend the e´tale realization
functor of Isaksen. We apply these ideas to define an e´tale homotopy
type functor e´t(X ) for Berkovich’s non-archimedean analytic spaces X
over a complete non-archimedean field K and prove some properties of
the construction. We compare the e´tale homotopy types coming from
Tate’s rigid spaces, Huber’s adic spaces, and rigid models when they are
all defined.
0 Introduction
The e´tale homotopy type of an algebraic variety is one of many tools developed
in the last century to use topological machinery to attack algebraic questions.
For example sheaves and their cohomology, topoi, spectral sequences, Galois
categories, algebraic K-theory, and Chow groups. The e´tale homotopy type
enriches e´tale cohomology and torsor data from a collection of groups into a
pro-space. This allows us to almost directly apply results from algebraic topol-
ogy, with the book-keeping primarily coming from the difference between spaces
and pro-spaces. In this paper, we apply this in the context of non-archimedean
geometry. The major results are two comparison theorems for the e´tale homo-
topy type of non-archimedean analytic spaces, and a theorem indentifying the
homotopy fiber of a smooth proper map with the e´tale homotopy type of any
geometric fiber. The first comparison theorem concerns analytifications of va-
rieties, and states that after profinite completion away from the characteristic
of the field that the e´tale homotopy type of a variety agrees with that of its
analytification. The second concerns formal models of rigid spaces, and states
that after profinite completion away from the characteristic of the residue field
that the kummer e´tale homotopy type of a suitable formal scheme agrees with
that of its generic fiber.
Because of the syncretic nature of the topic, we have tried to include detailed
proofs and references. As many of the documents cited are preprints, we have
also reproduced several definitions and theorems. This has the unfortunate effect
of engorging this document, but it is hoped to be relatively self-contained.
1
0.1 Conventions and notations
specR The spectrum of a commutative ring with unit R
spf R The formal spectrum of a topological ring R
spR The analytic spectrum of an affinoid domain R
spaR Huber’s adic spectrum of an affinoid ring R = (R⊲, R+)
τS The topos of sheaves associated to a site S
τ∞ S The ∞-topos associated to a site S
τ
∧
∞ S The hypercomplete ∞-topos associated to a site S
pro C The pro-category of an ∞-category C
S The ∞-category of ∞-groupoids
pro S The pro-category of the ∞-category of simplicial sets
1C The terminal object of a ∞- or usual category C
RTop The ∞-category of ∞-topoi, morphisms are direct image functors
LTop The ∞-category of ∞-topoi, morphisms are inverse image functors
e´tX The e´tale homotopy type of a scheme X
The end of proofs will be denoted with a tombstone , the end of remarks
with a triangle pointing right ⊲, and the end of examples with a triangle pointing
left ⊳.
Following the style of homotopy theorists, we will always denote colimits via
colim, and never via the direct limit notation lim→. The same style will be
used for homotopy colimits, where we write hocolim.
The term ∞-category should always be interpreted in the model of (∞, 1)-
categories given by quasicategories, whose theory is carefully worked out in [29].
We will use the term quasi-smooth to mean the same thing as what is called
almost smooth in [6]. The hope here is to emphasize its similarity to the notion
of ‘quasi-e´tale’ from the later paper [9] and its technical dissimilarity from the
more recent notion of ‘almost k◦-log smooth’. Ducros has also introduced a
class of morphism of the same name in [14]. While our class is subsumed by his,
we do not know if the converse is true.
As a general visual organizing principle, schemes will be assigned symbols in
the usual italicized font, formal schemes will be assigned symbols in Fraktur, and
non-archimedean analytic spaces will be given calligraphic symbols. As a rule of
thumb, usual 1-categories will be given symbols in the usual italicized format,
∞-categories in euscript. We will frequently use the phrase “C is modeled by
M” to mean that some ∞-category C is the homotopy coherent nerve of the
simplicial model category M .
Remark 0.1. Let C be an accessible∞-category that has finite limits, then the
pro-category of C is equivalent to the opposite category of the full subcategory
of left exact and accessible functors from C to S.
Pro(C) ≃ Funl.acc(C, S)op
Since∞-functor categories are only well behaved if one restricts to accessible
functors between accessible categories, we will often simply write Funlex(C, S)op
for the ∞-category on the right hand side. The ‘constant diagram’ functor c is
simply the co-Yoneda functor cX = Map
C
(X,−).
See Proposition 3.1.6 of [31] for details of the proof of this equivalence. ⊲
Let S be a noetherian adic ring and let T be an adic S-algebra. We will say
that T is topologically of finite type over S if for any ideal of definition s ⊳ S
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that sT is an ideal of definition for T and T/sT is finitely generated over R. In
particular if S is a discretely valued ring with maximal ideal m ⊳ S the algebra
T = S[[X ]] with the ideal of definition m+(x) is not topologically of finite type
over S.
0.2 Summary and Structure
Section 1 is primarily homotopy theoretic and∞-categorical in nature. We start
by introducing the concept of the shape of a site or of a topos and explicitly
compare the ∞-categorical definition with classical ones. The shape is most
naturally a pro-space, however it is natural to consider localizations of the cat-
egory of pro-spaces. We re-introduce several localizations, and different types
of equivalences of shapes corresponding to those localizations. We introduce
a new ∞-category of {p}-profinite spaces, along with completions, modeling
completion away from a prime p. This gives an easy proof of the following
theorem.
Theorem 0.2 (Theorem 1.12). Let X be a profinite space with X∨{p} its {p}-
profinite completion and x ∈ X a point. Then, the induced map π1(X, x) →
π1(X
∨
{p}, x) witnesses the latter pro-group as the maximal prime-to-p completion
of the former profinite group.
It also allows us to factor Isaksen’s e´tale realization functor for motivic spaces
in [24].
Theorem 0.3 (Theorem 1.14). Let S be a separated noetherian scheme over
Fp, and write Spc
A
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S,∗ for the ∞-category of pointed motivic spaces over k, then
the {p}-profinite e´tale homotopy type gives an e´tale realization functor
̂´et{p} : SpcA1S,∗ → S∧{p}
which lifts Isaksen’s ℓ-adic e´tale realization functor to {p}-profinite spaces.
Since geometers typically do not use ∞-categories, so we set up a dictionary
which allows us to deduce∞-categorical equivalences using 1-categorical torsors
and abelian sheaf cohomology. The ∞-categorical point of view makes it com-
pletely formal that the e´tale homotopy type functor is a ‘sheaf of pro-spaces’
on the e´tale site, which we extend to prove a hypercover descent statement
generalizing one of Isaksen.
Section 2 is concerned with studying the e´tale homotopy type of a general
non-archimedeanK-analytic space X forK a complete non-trivially valued non-
archimedean field. There are actually two rival classes of morphisms, quasi-e´tale
and e´tale which give different topoi but are known to give equivalent abelian
sheaf cohomology. For a general X we simply do not know if the protruncated
e´tale homotopy type is equivalent to the protruncated quasi-e´tale homotopy
type. In the case where X is hausdorff and strictly K-analytic, we prove the fol-
lowing result that is of independent interest and implies the two rival homotopy
types are equivalent in the case we need.
Theorem 0.4 (Theorem 2.4). Let X be a hausdorff strictly K-analytic space
over a complete non-archimedean field K, and write X ad for the corresponding
adic space.
Then the quasi-e´tale 1-topos of X is equivalent to the e´tale 1-topos of X ad.
As this suggests we also compare the theories obtained from the rigid and
adic formalisms of non-archimedean geometry to Berkovich’s. We further prove
an Artin Comparison theorem, compare to de Jong’s e´tale fundamental group,
and end by stating a conjecture regarding an analogue of Friedlander’s homotopy
fiber theorem.
Section 3 is concerned with a complete discretely valued K and using formal
models. We rapidly retread the theory of formal kummer e´tale morphisms of
special formal schemes as set up in [11]. We use many of the same geometric
ideas of [11] to prove an abelian cohomological comparison, but with different
techniques. We must use fundamentally new ideas to compare fundamental
groups by passing through the usual scheme theoretic spectrum of the complete
rings that locally model the formal scheme. Here we can use log geometry to
descend a finite e´tale cover on X to a formal kummer e´tale one on the formal
model. We deduce the following theorem.
Theorem 0.5 (Theorem 3.15). Let X be a algebraizably formally R-log smooth
special formal scheme with fine log structure. Consider its generic fiber X = Xη
as a non-archimedean K-analytic space.
The {p}-profinitely completed quasi-e´tale homotopy type of X agrees with the
{p}-profinitely completed adically kummer e´tale homotopy type of X, where p is
the characteristic of the residue field k.
̂´et{p} X ≃ âke´t{p} X
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1 Shapes assigned to topoi
We will briefly review and define some of the relevant objects and ideas we will
use later on.
1.1 Review of literature
The idea of the shape of an ∞-topos goes back to [42], where it was defined in
model categorical language. Later in [29], Lurie defines for an ∞-topos T with
its unique geometric morphism π : T → S the shape of the ∞-topos to be the
functor
π∗π
∗ : S→ S
Lurie’s definition is absolute in the sense that the shape is defined for an ∞-
topos, but not explicitly for an arbitrary geometric morphism. In [19], Hoyois
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gives a definition of what may be called the relative shape for a morphism of
∞-topoi. We explain this perspective in the next paragraph
The ∞-topos T admits a contractible space of geometric morphisms to the
terminal ∞-topos of ∞-groupoids S. Call any such geometric morphism Π,
with the adjoint pair Π∗ ⊣ Π∗. The left-adjoint ‘constant sheaf’ functor Π∗
preserves colimits by virtue of being a left adjoint, and in addition is left-exact.
This left-exactness implies that it further admits a pro-left adjoint denoted
Π! : T → pro S. It is difficult to give an explicit description of this functor, but
we will characterize some of its values using 1-categorical language. The key
fact is that Π!1T co-represents the functor π∗π
∗ in the sense that
Mappro S(Π!1T , c(−)) ≃ π∗π
∗
where c is the ‘constant diagram’ functor c : S→ pro S. We write
Π∞ : RTop→ pro S
ι′ : X 7→ S/X
We will repeatedly use that Π∞ and Π! preserve colimits, which is immediately
implied by each being a left adjoint.
We will use the two to define shapes assigned to three types of objects.
Definition 1.1. Using the above notations and context:
1. Given an ∞-topos T, define sh(T) the shape of T, to be the pro-space
Π∞(T).
2. Given a site S, define the shape assigned to the site S to be the shape
assigned to the hypercomplete ∞-topos of sheaves of ∞-groupoids on S,
that is Sh∧∞(S).
3. Given a 1-topos T , define the shape assigned to T to be the shape assigned
to the hypercomplete ∞-topos of sheaves of ∞-groupoids on T . In model
categorical language the hypercomplete ∞-topos can be presented using
the category sT of simplicial sheaves with the local injective structure.
The ∞-categorical description is as the hypercompletion of the ∞-topos
of limit preserving functors F ∈ FunR(N(T op), S).
There is a potential gap in the case that we have a site S presenting a topos
T . To see that their shapes are equivalent, levelwise sheafification gives a Quillen
equivalence between simplicial sheaves with local injective model structure and
simplicial pre-sheaves with hyperlocal injective model structure. The equiva-
lence of homotopy categories is stated as Corollary 1.14 of [25], and a proof can
be written following in its steps. Given the Quillen equivalence, Theorem 6.5.2.1
and Corollary A.3.1.12 of [29] say that the simplicial nerve of either simplicial
model category is equivalent to hypercomplete ∞-topos of sheaves on the site.
We make the following definition, in the spirit of the original definition of
the e´tale homotopy type via the Verdier functor of [3].
Definition 1.2. If S is a locally connected site with fibered products and con-
nected components functor π0 : S → Set then we can define the naive shape
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of S as follows. This is the diagram of simplicial sets, defined as the Verdier
functor
VerS : HR(S)→ sSet
which assigns to a hyper-cover U• ∈ HR(S) the simplicial set of ‘level-wise
connected components’
U• 7→
[
[n] 7→ π0(Un)
]
To clarify its relation to the previous ∞-categorical definitions, we appeal
to the following theorem of [19]:
Theorem 1.3. The diagram VerS naturally co-represents the shape assigned to
S.
This follows directly from the ‘generalized Verdier hypercover theorem’, vari-
ants of which go back to work of Brown for spectral presheaves. We need an
unstable analogue, see for example Theorem 8.6 (b) of [15]. Given this theorem,
we see that Verdier’s Theorem 7.4.1 of [2] immediately suggests the following
proposition.
Proposition 1.4. Let S be a site with products, and assume that S is locally
connected. Write LS(shS) for the class of local systems of sets on shS, and
write LC(S) for the class of locally constant sheaves of sets on S. Give both the
structure of a category by adding morphisms which for both categories are only
the morphisms which are locally constant
The shape shS has the property that there is an assignment Φ : LC(S) →
LS(shS), and furthermore
1. the functor Φ is an equivalence;
2. the functor Φ preserves cohomology in the sense that for any locally con-
stant abelian sheaves L and L ′ and a locally constant morphism φ : L →
L ′ we have the following commutative diagram
Hisheaf (S,L ) H
i
sing(shS,ΦL )
Hisheaf (S,L
′) Hising(shS,ΦL
′)
∼
φ Φφ
∼
where the horizontal maps are isomorphisms.
This proposition is really just the special case of n = 0 in Proposition 2.10
of [19], albeit stated and proved in 1-categorical language.
Proof. Let F be a locally constant sheaf of sets on S. Choose a covering {Vi →
1S} on which Fi = F |S/Vi is constant with value set F , and such that each Vi
is connected. We refine this inductively to a hypercovering U• such that Un =∐
i∈In
Wni with eachW
n
i connected. We write~i = {i1, . . . , in} as shorthand, and
U~i for the products Ui1×. . .×Uin . Furthermore, fix isomorphisms σ
f
~i
: U~i
∼
→ Uσ~i
for any permutation σ in the symmetric group. Note that the isomorphism σf~i
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does not depend on the particularWni , only on the larger U~i that it is contained
in. We can now define a local system on the simplicial set
VerS
(
U•
)
= π0(U•)
as follows. The zero simplices of the above simplicial set are the connected
components of the Ui. On which we can simply define ΦF to take the zero
simplex Ui to the set F (Ui), and let the isomorphism on any n-simplex W
n
i to
be the isomorphism σf~i when W
n
i is a connected component in U~i.
We wish to call this ΦF . We must show that this operation only depends
on the sheaf F and not on the covering splitting it, at least up to equivalence
of local systems. However if F admits another splitting {V ′i → 1S} we can find
a common refinement {V ′′i → 1S} of the two, and one checks that the pullback
of the local systems from VerS
(
U•
)
and VerS
(
U ′•
)
to VerS
(
U ′′•
)
agree.
For essential surjectivity, a local system on a pro-space comes from a local
system at some level. This means we can lift the data of the local system to
descent data for a locally constant sheaf and glue it together
For injectivity, we see that the local system corresponding to F determines
descent data equivalent to F .
This implies the first claim. The second is made of two parts. The easy part
is that the construction of Φ immediately implies the commutativity of the dia-
gram. The slightly harder part is that the horizontal arrows are isomorphisms.
This is just the Verdier hypercover theorem, since the singular cohomology of
the system ΦL on the pro-space is defined to be the colimit of the singular
cohomology at each level.
We have the following corollary.
Corollary 1.5. Let f∗ : T → T
′ be a geometric morphism of locally connected
1-topoi, if the inverse image functor f∗ induces an equivalence of categories
between subcategories of locally constant sheaves, then f induces an isomorphism
on fundamental pro-groupoids of the associated ∞-topoi.
Proof. The fundamental pro-groupoid of the shape classifies local systems on
the shape, which is the same as classifying locally constant sheaves in the topos.
Since the latter category is the same, the former must be as well.
The obvious temptation is to take the naive shape as the definition of the
shape and apply this in the context of non-archimedean geometry. This would
further have the benefit of avoiding the ∞-categorical language. While fibered
products exist in the category of hypercovers, one does not have weak equalizers
in general as observed in SGA. This difficulty can be circumvented in different
ways, the most classical being only considering hypercovers up to simplicial ho-
motopy as originally done in [3]. With enough points, one can instead resolve
this by using Lubkin covers, which is used in [17] to define an e´tale topological
type. This gives an honest pro-simplicial set, instead of a pro-object of homo-
topy types or a pro-∞-groupoid. However, the Lubkin covers technique has
problems with functoriality with respect to morphisms of sites, and to obtain
functoriality one must pass through the homotopy type. The ∞-categorical
perspective is quite simple to work with structurally. As nothing comes for
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free in mathematics, the disadvantage is the relative abstraction and the model
categorical work required to relate it back to 1-categorical properties.
We will first set up some notation for the ∞-categories of completed spaces
we will work with. Except for the formalism of {p}-finite spaces, it can be found
in more detail in [31].
Definition 1.6. Let S be the ∞-category of∞-groupoids, and let p be a prime
number.
1. Denote by S<∞ the full subcategory of S spanned by truncated spaces,
that is spaces X where πi(X) = 0 for all sufficiently large i. This will be
called the ∞-category of truncated spaces.
2. Denote by Sfc the full subcategory of S<∞ spanned by spaces X with
finitely many connected components and where for each x ∈ X the group∏
i≥1 πi(X, x) is finite. This will be called the ∞-category of π-finite
spaces.
3. Denote by Sp−fc be the full subcategory of Sfc spanned by spaces X where
for each x ∈ X each group πi(X, x) is a p-group. This will be called the
∞-category of p-finite spaces.
4. Denote by S{p}−fc the full subcategory of Sfc generated under finite limits
by spaces X which satisfies at least one of the following:
(a) the space X is an ℓ-finite space for some prime ℓ distinct from p,
(b) the spaceX is BG for some finite groupG whose order is not divisible
by p.
This will be called the ∞-category of {p}-finite spaces.
Let us briefly state some generalities about pro-∞-categories. These results
mimic foundational statements about presentable or accessible ∞-categories,
however pro-categories are essentially never accessible and so these results must
be justified.
Lemma 1.7. Let i : C′ ⊂ C be a fully faithful inclusion of accessible ∞-
categories, and further assume that the inclusion of C′ into C preserves finite
limits. Then
1. the inclusion extends to a fully faithful inclusion i : pro C′ ⊂ pro C,
2. the inclusion in (1) admits a left adjoint L given by precomposition with
i,
3. the functor L is a localization,
4. a morphism X• → Y• in pro C is taken to an equivalence by L if and only
if colimi∈I Map(Yi, Z)→ colimj∈J Map(Xj , Z) is an equivalence of spaces
for all objects Z in C′,
5. assume that C′ is generated under finite limits by some class of objects
O, then L turns a morphism X• → Y• into an equivalence if and only if
colimi∈I Map(Yi, Z) → colimj∈J Map(Xj , Z) is an equivalence of spaces
for all objects Z in O.
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Proof. Compare to Remark 3.1.7 of [31], although the adjunction is stated on
the wrong side.
1. We note that as objects in the ∞-category S we have the following equiv-
alence by Proposition 5.1.1 and 5.1.2 of [4]
Mappro C′(X•, Y•) ≃ lim
j∈J
colim
i∈I
MapC′(Xj , Yi)
and similarly
lim
j∈J
colim
i∈I
MapC(Xj , Yi) ≃ Mappro C(X•, Y•)
and so i being fully faithful says that the RHS of the first equivalence is
equivalent to the LHS of the second equivalence at each (i, j).
2. We want to check that the following spaces are equivalent
Mappro C(LX•, Y•) ≃Mappro C(X•, iY•)
we use the fact that i extends to a limit preserving functor and that map-
ping spaces preserve limits to reduce to the case that Y• is co-representable,
which is true as a corollary of the ∞-categorical Yoneda lemma.
3. A functor is defined to be a localization when it is a left adjoint with fully
faithful right adjoint, which we proved in (1) and (2).
4. This is the Yoneda lemma, as the diagram X• is realized as a left exact
accessible functor by limj∈J Map(Xj ,−).
5. Since the functors which co-represent pro-objects are left exact, they pre-
serve finite limits. In particular for any finite diagram of objects in O, the
assumption that f induces equivalences on mapping to objects of O implies
that it induces an equivalence to the limit over the diagram. Repeating
the process implies (4).
The model theory of pro-categories can be difficult, as they may be nei-
ther fibrantly nor cofibrantly generated. In general the above ∞-categorical
perspective makes it easy to define various localizations of pro-categories.
Definition 1.8. We now take the associated pro-categories of the above list
resulting in the following.
1. The category of protruncated spaces
pro♮S = pro S<∞ ≃ Funlex(S<∞, S)op
2. The category of profinite spaces
S
∧ = pro Sfc ≃ Funlex(Sfc, S)op
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3. The category of {p}-profinite spaces
S
∧
{p} = pro S
{p}−fc ≃ Funlex(S{p}−fc, S)op
4. The category of p-profinite spaces
S
∧
p = pro S
p−fc ≃ Funlex(Sp−fc, S)op
Given a space X ∈ S, we complete it by considering its co-Yoneda functor
MapS(X,−) : S → S and restricting the domain to truncated spaces S
<∞, π-
finite spaces Sfc, {p}-finite spaces S{p}−fc, or p-finite spaces Sp−fc. The resulting
protruncated space will be denoted X♮, the resulting profinite space by X∨,
the resulting {p}-profinite space by X∨{p}, and the resulting p-profinite space by
X∨p , respectively. All four completion functors admit a ‘materialization’ right
adjoint, formally defined as
Mat(X) = Map
C
(∗, X)
where C is protruncated spaces pro♮S, profinite spaces S∧, {p}-profinite spaces
S
∧
{p}, or p-profinite spaces S
∧
p . These can be informally described by taking the
limit in S over the diagram.
Lemma 1.7 implies we have a chain of fully faithful right adjoints
S
∧
ℓ ⊂ S
∧
{p} ⊂ S
∧ ⊂ pro♮S ⊂ pro S
with left adjoint localizations for any pair of distinct prime numbers p and ℓ,
pro S→ pro♮S→ S∧{p} → S
∧
ℓ .
Some remarks are in order about these categories.
The∞-category of pro-spaces is modeled by Isaksen’s strict model structure,
see Theorem 5.2.1 of [4] for a generalization to a class of pro-categories. This is
the most natural target for the shape functor, however it is in general difficult
to actually compute derived global sections of non-truncated sheaves of ∞-
groupoids.
The ∞-category of profinite spaces can be modeled via the model category
described in [38] and [39]. In this, the underlying category is the category of
simplicial objects in the category of profinite sets. That Quick’s model category
models the ∞-categorical description of profinite spaces follows from Theorem
7.4.7 and Corollary 7.2.12 of [4].
Similarly, in [36] Morel defined a model structure on simplicial profinite sets
to model p-adic completion. This also models the ∞-category of p-profinite
spaces as described above. This follows from Theorem 7.4.10 and Corollary
7.3.8 of [4].
As for protruncated spaces, it is in general difficult to detect whether or not
a map of pro-spaces is an equivalence. Recall that in classical topology one of
the main theorems of [33] states extends the Whitehead Theorem,
Theorem 1.9. Let f : X → Y be a map of fibrant simplicial sets. Then f is a
homotopy equivalence if and only if it induces an isomorphism on fundamental
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groupoids and for any local system of abelian groups A on Y , the map f induces
isomorphisms on cohomology groups for every n ≥ 0
Hi(Y,A) ∼= Hi(X, f∗A)
This is false in pro-spaces, where the map from a space X to its Postnikov
tower P•X is a Whitehead equivalence but will usually not admit a map back
from the tower. We can force the above theorem to be true by localization,
which we will now prove to be equivalent to protruncation. This is mentioned
as a remark in a publicly available draft of Marc Hoyois, but the author does not
know of a published proof. For completeness’ sake we include the easy proof.
Theorem 1.10. The non-strict model structure on pro-simplicial sets of [23]
models the ∞-category Sˆ<∞.
Proof. Isaksen’s non-strict model structure is a left Bousfield localization of
the strict model structure at truncated equivalences. Similarly, the restriction
functor from pro S to to pro S<∞ is a left exact∞-categorical localization, and
it is the localization exactly at truncated equivalences. Proposition 5.2.4.6 of
[29] tells us the left Bousfield localization maps to an∞-categorical localization.
Since localizations are universal with respect to the class they invert, the two
must be equivalent.
As far as {p}-profinite spaces, the original definition was modified after the
author saw [12]. In particular, the author expects that {p}-profinite spaces
should be a further localization of their category. We justify this definition by
the following series of results, after we give a mapping space definition of the
fundamental group of a {p}-profinite space in the expected way.
Definition 1.11. The fundamental group of a pointed {p}-profinite space (X, x)
π1(X, x) := π0Map([S
1]∨{p}, X)
We can now compute the fundamental group after {p}-profinite completion.
Theorem 1.12. Let X be a profinite space with X∨{p} its {p}-profinite comple-
tion and x ∈ X a point. Then,
1. the pro-group π1(X
∨
{p}, x) is profinite,
2. the induced map π1(X, x)→ π1(X∨{p}, x) witnesses the latter pro-group as
the maximal prime-to-p completion of the former profinite group.
Proof. We immediately reduce to the connected case. If X is a profinite space,
we may represent it with some 1-categorical diagram of π-finite spaces X• : I →
Sfc. Write Npπ1Xi for the smallest normal subgroup of π1Xi containing any
and thus all of the Sylow p-subgroups. For each i ∈ I, we have a natural map
Xi → Bπ1Xi. Now, BNpπ1Xi also maps into Bπ1Xi, by applying B to the
inclusion Npπ1Xi → π1Xi. Finally, write NpXi for the homotopy pull back.
We have a natural map
NpXi → Xi
11
Applying the Mayer-Vietoris sequence for the fundamental group quickly shows
that π1NpXi ∼= Npπ1Xi and the map above realizes this isomorphism. See
Proposition 2.2.2 of [34] for details of the referenced sequence.
Write CXi for the homotopy cofiber of NpXi → Xi. It is straightforward
to check that we get a cofiber sequence of pro-simplicial sets in Quick’s model
structure. One checks π1 in the obvious way, and one uses the 5-lemma on the
two long exact sequences for cohomology, noting that filtered colimits preserve
long exact sequences. So we have a homotopy cofiber sequence in profinite
spaces
NpX• → X• → CX•
Since π1 commutes with homotopy cofiber sequences, it is now enough to check
that each NpXi becomes simply connected after {p}-completion. But this is
clear, as π1NpXi is a quasi-p-group and so admits no maps to groups whose
order is not divisible by p. In particular, we see that if we take a particular
representation of π1(X, x) as a cofiltered system of finite groups that the above
procedure exactly kills the p-parts of all groups in the diagram.
Example 1.13. The map BA5 → BA
+
5 is a {3}-equivalence, where −
+ is
Quillen’s plus construction. In particular, one can apply the universal coefficient
theorem and the Hurewicz theorem to conclude π2([BA5]
∨
{3}) ≃ Z/2. ⊳
Theorem 1.14. Let S be a separated noetherian finite dimensional scheme over
Fp, and write Spc
A
1
S,∗ for the ∞-category of pointed motivic spaces over S, then
the {p}-profinite e´tale homotopy type gives an e´tale realization functor
̂´et{p} : SpcA1S,∗ → S∧{p}
which lifts Isaksen’s ℓ-adic e´tale realization functor to {p}-profinite spaces.
Proof. Marco Robalo’s thesis [40] identifies the ∞-category of motivic spaces
as (non-hypercompleted) Nisnevich sheaves of spaces on Sm/S localized at the
class of all projections X × A1 → X . By Corollary 2.25 of [30], the Nisnevich
∞-topos is already hypercomplete. Since the e´tale homotopy type satisfies hy-
percover descent for the e´tale topology, it a fortiori satisfies descent for the
Nisnevich topology. Thus we just need to show A1 homotopy invariance of the
{p}-profinite e´tale homotopy type.
First, we observe that [24] proves the ℓ-adic case. By his arguments for the
ℓ-adic case, this reduces the problem to computing the G-torsors of a smooth
and geometrically pointed S-scheme (X, x) and (X ×A1, (x, 0)). In general it is
very difficult to understand even the prime-to-p quotients of products, however
in this case we may apply Proposition XIII.4.1 of [1] to deduce a certain exact
sequence of profinite groups
πp
′
1 (A
1
k
, 0)→ π′1(X × A
1, (x, 0))→ π1(X, x)→ 1
Now A1 over an algebraically closed field admits no covers of order prime to
p, so we get an isomorphism between π′1(X × A
1, (x, 0)) and the profinite e´tale
fundamental group π1(X, x). From this part of the proof we suppress the choice
of base-points for notational convenience. The profinite group π′1(X × A
1) is
defined to be π1(X × A1)/N where N is the subgroup
N = ker
(
ker(π1(X × A
1)→ π1(X))→ ker(π1(X × A
1)→ π1(X))
p′
)
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At this point we have the following exact sequence.
1→ N → π1(X × A
1)→ π1(X)→ 1
Applying prime-to-p quotients leaves it only right exact.
Np
′
→ πp
′
1 (X × A
1)→ πp
′
1 (X)→ 1
However N was the objects of the kernel of π1(X × A1) → π1(X) which
vanish after taking prime-to-p quotients, and so the left map becomes zero after
taking prime-to-p quotients. We thus have an isomorphism
πp
′
1 (X × A
1) ≃ πp
′
1 (X)
Note that this will be further lifted by [12].
As another technical justification for the naturality of this construction,
Theorem 2.4 of [37] allows us to perform a left Bousfield localization at any set
of morphisms. This uses that Quick’s model category is left proper, simplicial,
and fibrantly generated which are proved in [38] and [39]. In fact it follows as a
corollary of S∧ being modeled by Quick’s model category that S∧{p} is modeled
by the left Bousfield localization at the given set of generators of S{p}−fc.
1.2 Preliminary results on shapes
We begin with the basic definitions of the objects and categories we will work
with.
Definition 1.15. The following defines and names various localizations of the
shape.
• We define the protruncated shape sh♮ T of an ∞-topos (resp. assigned to
a 1-topos, resp. assigned to a site) to be the protruncated completion of
the shape of the ∞-topos (resp. assigned to the 1-topos, resp. assigned
to the site).
• Define the profinite shape sh∧ T of an ∞-topos (resp. assigned to a 1-
topos, resp. assigned to a site) to be the profinite completion of the shape
of the ∞-topos (resp. assigned to the 1-topos, resp. assigned to the site).
• Define the {p}-profinite shape sh∧{p} T of an ∞-topos (resp. assigned to
a 1-topos, resp. assigned to a site) to be the {p}-profinite completion of
the shape of the ∞-topos (resp. assigned to the 1-topos, resp. assigned
to the site).
• Similarly, define the p-profinite shape sh∧p T of an∞-topos (resp. assigned
to a 1-topos, resp. assigned to a site) to be the p-profinite completion of
the shape of the ∞-topos (resp. assigned to the 1-topos, resp. assigned
to the site).
• A morphism of 1-topoi f : T → T ′ is called a shape equivalence (resp.
protruncated shape equivalence, resp. profinite shape equivalence) if the
induced map on the shapes (resp. protruncated shapes, resp. profinite
shapes) assigned to the hypercomplete ∞-topoi is a weak equivalence.
13
The following propositions give us a way to verify the above criterion in the
classical language of torsors and abelian sheaf cohomology. They follow mostly
formally from the literature, but we state them for completeness’ sake.
Proposition 1.16. A morphism of locally connected topoi f : T → T ′ is a
protruncated (resp. profinite) shape equivalence if and only if the following three
conditions hold,
1. For any locally constant sheaf S ∈ T ′ of sets (resp. finite sets), we have
H0(T ′,S )
∼
→ H0(T, f∗S ) via the natural map,
2. for any group G (resp. finite group) with associated constant sheaf G ∈ T ′,
we have Hˇ1(T ′,G )
∼
→ Hˇ1(T, f∗G ) via the natural map,
3. and for any locally constant sheaf L ∈ T ′ of abelian groups (resp. finite
abelian groups of prime power order), we have that
Hq(T ′,L )
∼
→ Hq(T,L )
for all q ≥ 0 via the natural map.
Proof of protruncated case. This is almost the exact criteria for a Whitehead
equivalence in Isaksen’s non-strict model category. Isaksen requires the map
induce an isomorphism on fundamental pro-groupoids. But fundamental pro-
groupoids are determined functorially by their maps to BG spaces as G varies
over all groups.
Proof of profinite case. These are almost exactly the criteria for a map to be
a weak equivalence in Quick’s profinite spaces category. The difference is the
same as in the protruncated case, once we show that we only need to check
cohomology for sheaves of finite abelian ℓ-primary groups. Quick’s criterion
would require an arbitrary locally constant sheaf K of finite abelian groups,
but K is the direct sum of its p-primary submodule sheaves as p-ranges over
all primes.
Proposition 1.17. Let f : T → T ′ be a morphism of locally connected topoi.
The following are equivalent,
1. the geometric morphism f is a p-profinite shape equivalence,
2. the geometric morphism f induces an isomorphism on Z/p cohomology in
all degrees,
f∗ : Hi(T ′,Z/p)
∼
→ Hi(T,Z/p)
Proof. Unlike the above, this is not a direct tautology. The weak equivalences in
Morel’s model category are morphisms inducing isomorphisms onHi(−,Z/p) co-
homology groups. The equivalences in Lurie’s p-profinite spaces∞-category are
morphisms inducing equivalences on mapping spaces to p-finite spaces. There is
some group theory involved to reduce the general p-finite space case to checking
that the map induces isomorphisms on Z/p-valued cohomology. See section 7.3
of [4] for details.
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Proposition 1.18. A morphism of locally connected topoi f : T → T ′ is a
{p}-profinite shape equivalence if and only if the following three conditions hold,
1. For any locally constant sheaf S ∈ T ′ of finite sets, we have H0(T ′,S )
∼
→
H0(T, f∗S ) via the natural map,
2. for any finite group G whose order is not divisible by p with associated
constant sheaf G ∈ T ′, we have Hˇ1(T ′,G )
∼
→ Hˇ1(T, f∗G ) via the natural
map,
3. and for each prime ℓ 6= p and any locally constant sheaf L ∈ T ′ of finite
abelian ℓ-groups, we have that Hq(T ′,L )
∼
→ Hq(T,L ) for all q ≥ 0 via
the natural map.
Proof. The assumptions above imply that the morphism of {p}-profinite spaces
π0MapS∧
{p}
(sh∧{p} T
′, Z) ≃ π0MapS∧
{p}
(sh∧{p} T, Z)
induces an equivalence on connected components when Z is either a BG or a
K(Z/ℓn,m) for any appropriate G, or any n and m. We again use the loop-
suspension adjunction to conlude that the higher homotopy groups are also
equivalent via f and deduce that the full mapping spaces are equivalent for any
such Z. Since every object in S{p}−fc is generated under finite limits by BG
and K(Z/ℓn,m) spaces, by the last item of Lemma 1.7 we are done.
We wish to study descent of the e´tale homotopy type. To give a general setup
of the problem, let X be a scheme and {Ui → X}i∈I a faithfully flat and quasi-
compact (fpqc) cover ofX . We can form the cˇech complex as a simplicial scheme
Uˇ•, given by the zeroth coskeleton cosk
X
0 (
∐
Ui). See for example Example 1.3
of [17] for a definition of coskeletoi.
The universal property of the colimit is that there is a contractible space of
maps
colim
[n]∈∆op
e´t Uˇn → e´t X
which makes X a ‘cocone’ over the diagram. If this map is an equivalence,
then we say that the e´tale homotopy type satisfies descent for the cˇech cover
{Ui → X}i∈I .
More generally we could take a fpqc hypercover Y• of X and ask if the
morphism from the colimit is an equivalence. The case where the schemes are
e´tale over X is the ‘Hypercover Descent’ Theorem 3.4 of [24]. The following
theorem formally generalizes Isaksen’s Hypercover Descent theorem.
Theorem 1.19. Let X be a category with finite products and fiber products,
and let P ≺ Q be two Grothendieck topologies, with P finer than Q. Write P/X
and Q/X for the corresponding sites.
Now assume that for every object Y ∈ X the natural functor between topoi
induces an equivalence on any of the variants of the shapes,
sh⋆ P/Y ≃ sh⋆Q/Y
where sh⋆ is either
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1. the usual shape sh,
2. the protruncated shape sh♮,
3. the profinite shape sh∧,
4. the {p}-profinite shape sh∧{p},
5. or the p-profinite shape sh∧p.
Then if Y• → Z is a Q-hypercover of Z ∈ X, we have descent on the
respective P -homotopy types,
sh⋆ P/Z ≃ colim
[n]∈∆op
sh⋆ P/Y[n]
We will need the following observation.
Lemma 1.20. Let Y → Z be a morphism in X. The slice∞-topos [τ∧∞Q/X ]/h
Y
is equivalent to the hypercomplete ∞-topos of Y , τ∧∞Q/Y .
The proof follows from the universal properties of the slice topos and of the
hypercompletion, and so we leave the details to the reader. Armed with the
previous lemma, we now tackle the proof of the theorem.
Proof. Each of the completion operations are left adjoints to materialization,
and so they commute with colimits. For brevity, we write L for the relevant
completion operation. We have the following equivalence.
sh⋆Q/Z = LΠ!(h
Z) ≃ LΠ!( colim
[n]∈∆op
1Y[n])
However LΠ! is a left adjoint, the colimit may be brought outside.
LΠ!( colim
[n]∈∆op
1Y[n]) ≃ colim
[n]∈∆op
LΠ!(1Y [n])
But of course the right hand side is the colimit of the shapes.
colim
[n]∈∆op
LΠ!(1Y[n]) ≃ colim
[n]∈∆op
sh⋆Q/Y[n]
Collecting the equivalences, we have shown hypercover descent for theQ-topology
sh⋆Q/Z ≃ colim
[n]∈∆op
sh⋆Q/Y[n]
so now we just use the assumptions of the shapes being equivalent,
sh⋆ P/Z ≃ sh⋆Q/Z ≃ colim
[n]∈∆op
sh⋆Q/Y[n] ≃ colim
[n]∈∆op
sh⋆ P/Y[n]
and conclude the theorem.
Assumption (1) of Theorem 1.19 leads to the strongest conclusion, but does
not apply for many topologies arising for algebraic geometry.
Corollary 1.21. The e´tale homotopy type satisfies descent for smooth hyper-
covers.
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Proof. Let V be an arbitrary scheme. We can take X = Sm/V and the two
topologies to be the smooth topology and the e´tale topology. Then this follows
immediately from Theorem 1.19
Corollary 1.22. The profinitely completed e´tale homotopy type satisfies descent
for fppf hypercovers.
Proof. See Lemma 53.82.10 of [41] for the cohomological comparison. The rep-
resentability in schemes of finite torsors in both categories is a consequence of
Theorem III.4.3 of [35].
Finally we end with a pair of purely topological lemmas. First we need a
definition, compare to Definition 8.2.7 of [22].
Definition 1.23. Let X be a topological space. A sheaf F of sets or ∞-
groupoids on X is called overconvergent if for every pair of fiber functors
x∗, y∗ : τX → Set and every natural transformation x∗  y∗ the natural
transformation gives an equivalence
x∗F ≃ y∗F
Lemma 1.24. Let X be a locally spectral topological space. Then every locally
constant sheaf F of sets or ∞-groupoids is overconvergent.
Proof. The underlying set of X provides its topos with enough points. We prove
this for a specialization of points g  s. Choose a neighborhood U of s on which
F is constant. Then U is also a neighborhood of g on which F is constant,
and so we see that Fs → Fg is an equivalence. Since all morphisms of fiber
functors are generalizations, we are done.
Corollary 1.25. Assume that the full sub-category of hypercomplete overcon-
vergent sheaves of ∞-groupoids on a locally spectral topological space X forms
an ∞-topos, Toc, such that the inclusion i : Toc ⊂ T is the left adjoint of a
geometric morphism. Then the shape of the hypercomplete ∞-topos T of X is
equivalent to the shape of Toc.
Proof. Call the geometric morphism ν, so that ν∗ = i . Since ν∗ is fully faith-
ful, a standard mapping space argument shows that that ν∗ν
∗ is equivalent to
the identity functor via the unit morphism. This says the functors π∗π
∗ and
π∗ν∗ν
∗π∗ are equivalent, which is exactly the desired shape equivalence.
We end with the following lemma.
Lemma 1.26. The ∞-category of hypercomplete overconvergent sheaves on an
irreducible sober space is equivalent to S via the global sections functor.
Proof. Name the space X and let F be an overconvergent sheaf of∞-groupoids
on X . An irreducible sober space has a generic point x ∈ X . We wish to show
that F is equivalent to the constant sheaf associated with the space Fx. Call
the constant sheaf associated with the space Fx by G .
We simply need to build a morphism G → F that induces an equivalence
on the stalk at x. That both sheaves are overconvergent immediately implies
that it is an equivalence at every other point. Hypercompleteness implies that
a stalkwise equivalence is an equivalence.
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The morphism is actually just the unit of the adjunction given by the con-
tinuous map i : x → X , that is we can identify i∗i∗F = G . Note that for
such an inclusion, both i∗ and i
∗ preserve weak equivalences and so this models
the adjunction of ∞-categories. Since all opens in an irreducible sober space
are connected, we deduce that the stalks at x of F and G are equivalent, and
conclude the statement of the lemma.
2 Etale homotopy type of non-archimedean an-
alytic spaces
Let K be a non-archimedean field, and X a non-archimedean analytic space
over K. Then in [6] Berkovich develops an e´tale theory and in [7] a quasi-e´tale
theory for such geometric objects. We will distinguish the two and remark on
the cases in which they are equivalent.
Definition 2.1. For such X , put siteXe´t for the small e´tale site of X , put τXe´t
for the e´tale 1-topos of X , and τ∧∞ Xe´t for the hypercomplete e´tale ∞-topos.
Similarly, we write siteXqe´t, τXqe´t, and τ∧∞ Xqe´t for the quasi-e´tale variants of
the previous. We will now define several objects of interest, letting ℓ be a prime
number.
1. We write e´tX , for the shape of the ∞-topos τ∧∞ Xe´t, and write e´t
♮ X for
its protruncation, ̂´etX for its profinite completion, ̂´et{p} X for its {p}-
profinite completion, and ̂´etℓ X for its ℓ-profinite completion,
2. We write qe´tX for the shape of τ∧∞ Xqe´t, and write qe´t
♮ X for its protrun-
cation, q̂e´tX for its profinite completion, q̂e´t{p} X for its {p}-profinite
completion, and q̂e´tℓ X for its ℓ-profinite completion,
In section 3 of [7], Berkovich defines a class of maps called quasi-e´tale. The
definition of a quasi-e´tale map of non-archimedean analytic spaces is similar
to the definition of the G-topology, in that its relation to the e´tale topology
is similar to the relation of the G-topology to the hausdorff topology. In this
theory, e´tale maps are open, whereas the affinoid domains are topologically
compact and thus closed. For this definition of e´tale, the affinoid domains are
not necessarily e´tale. The quasi-e´tale allows these maps to also be coverings,
slightly shrinking the overall topos without affecting the topological invariants.
Conjecture 2.2. Let X be a K-analytic space. The identity functor µX :
siteXe´t → siteXqe´t which sends an e´tale map to itself in the quasi-e´tale site
induces an equivalence on the protruncated shapes of the ∞-topoi.
µX ,! : qe´tX
∼
→ e´tX
Remark 2.3. We can almost prove the equivalence of protruncated shapes,
that is if we add ♮ to the shapes above.
We can apply Theorem 3.3 (ii) for f = idX of [7] to obtain the cohomological
comparison we need. By Corollary 3.5 of [7], we know that the category of
locally constant sheaves of sets on Xe´t embeds fully faithfully into the category
of locally constant sheaves of sets on Xqe´t.
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We simply need essential surjectivity. Let G be a quasi-e´tale G-torsor for
some group G. Let {U ′i → X} be a quasi-e´tale cover on which G is trivialized.
Refine it to a cover {Ui → X} with each Ui affinoid, and choose a factorization
Ui → Wi → X so that the first map is an affinoid embedding and the second
is e´tale. Then G is of course still trivialized on this new cover. Let it be
trivialized by some family of sections we’ll denote si : Ui → G |Ui . If we knew
the representability of quasi-e´tale torsors, we would be able to extend these
sections to some neighborhood of each Ui in Wi, see for example the proof of
Theorem 3.3 in [7]. This would show that the space is e´tale locally a trivial
G-torsor.
Unfortunately the author does not know of any such representability result
for quasi-e´tale torsors. We will deduce this equivalence in a special case by
comparing to the theory of adic spaces. ⊲
There are other formalisms of non-archimedean analytic geometry with their
corresponding classes of e´tale morphisms. We can obtain a quick comparison
theorem with that of rigid analytic geometry in the case where X is paracompact
hausdorff and strictly K-analytic.
Theorem 2.4. Let X be a hausdorff strictly K-analytic space over a complete
non-archimedean field K, write X ad for the corresponding adic space.
Then,
1. the quasi-e´tale 1-topos of X is equivalent to the e´tale 1-topos of X ad
2. the quasi-e´tale ∞-topos of X is equivalent to the e´tale ∞-topos of X ad,
3. and the hypercomplete quasi-e´tale ∞-topos of X is equivalent to the hy-
percomplete e´tale ∞-topos of X ad
Remark 2.5. The e´tale site of X is equivalent to the partially proper e´tale site
of X ad. We see this by combining Proposition 8.3.4 of [22], which identifies the
partially proper e´tale site of the corresponding rigid space X rig with the e´tale
site of X , and the discussion in 8.2.11 of [22] which identifies the categories
and site-theoretic coverages of partially proper e´tale rigid morphisms to X rig to
those of X ad.
We use the same ideas along with the arguments from section 8.1 of [22] to
prove this theorem. ⊲
Proof. The quasi-e´tale topos is equivalent to the one generated by quasi-e´tale
morphisms whose source is affinoid. We use that X is hausdorff to have fiber
products in the subcategory. Such a quasi-e´tale map q : U → X will factor into
q = e ◦ j where e is e´tale and j is an affinoid embedding. Both ead and jad
will be e´tale as morphisms of adic spaces, and ead is also partially proper. The
composition in general is merely e´tale and not partially proper and e´tale.
We will show that such morphisms are dense in the category of e´tale maps
to X ad. Let f : Y → X ad be an e´tale map, and we may assume without
loss of generality that Y = spaA is affinoid and its image is contained in a
partially proper affinoid of X ad as such morphisms generate a cofinal system of
coverings. Theorem 2.2.8 of [22] gives a local compactification f = f ◦ j where f
is a finite e´tale map and j is an open embedding. Replace our affinoid cover by
the local and compactifiable one. The finite e´tale map of course comes from a
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finite e´tale extension of the corresponding analytic domain in X , and the open
embedding may not directly come from a affinoid in X rig, however it does refine
to a collection of affinoids in X rig whose union is spaA. To relate this back to
X itself, we apply Theorem 1.6.2 of [6].
The reader should beware that the above gives a functorial equivalence of
topoi, however there are subtleties to when a morphism f : X → Y induces an
equivalence of functors between ∞-topoi θ∗Yf∗ ≃ f
ad
∗ θ
∗
X see Theorem 8.3.5 of
[22] for some criteria for abelian sheaves.
Corollary 2.6. The quasi-e´tale homotopy type of X is equivalent to the e´tale
homotopy type of X at least when X is hausdorff and strictly K-analytic.
Proof. We already know that the e´tale 1-topos is the subcategory of overcon-
vergent sheaves in the quasi-e´tale 1-topos. We need to argue that the hyper-
complete e´tale∞-topos is the sub-∞-category of hypercomplete overconvergent
sheaves in the quasi-e´tale ∞-topos
Examining the proof of Theorem 8.2.6.i.a of [22], we really only need the
statements (I) through (VI). In fact (I) through (V) are geometric in nature,
and happen on the level of sites. This means that we really only need to extend
statement (VI), which says that overconvergent sheaves on an irreducible topo-
logical space are acyclic. The rest of Huber’s argument is about understanding
the underlying site, and does not directly interact with the ∞-categorical ma-
chinery. We simply apply Lemma 1.26, and conclude the corollary.
Remark 2.7. In fact, roughly speaking Huber’s argument can be translated
into the following. Write X for an analytic adic space.
Both the e´tale and the e´tale-partially-proper hypercomplete ∞-topoi satisfy
descent for e´tale-partially-proper hypercovers, so we deduce that as ‘cosheaves
of ∞-topoi’ on the hypercomplete e´tale-partially-proper site that
τ
∧
∞Xe´t ≃ colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U
e´t
• ≃ colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U•
The first equivalence is essentially a tautology. The second equivalence can be
checked stalkwise, once we know that the stalks are what Huber calls Z(z) in
for example statement (V) of the proof of Theorem 8.2.6.i.a of [22], and that
the e´tale topos of such Z(z) is equivalent to its zariski topos.
Similarly, we have
τ
∧
∞Xe´t.p.p. ≃ colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U
e´t.p.p.
• ≃ colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U
p.p.
•
We have the ‘obvious’ map
colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U• → colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U
p.p.
•
We can take the stalk of both objects which is(
colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U•
)
x
→
(
colim
U•∈HR(Xe´t.p.p.)
τ
∧
∞ U
p.p.
•
)
x
Since taking stalks commutes with colimits the above is really just
τ
∧
∞ Z(x) ≃ colim
x∈imU
τ
∧
∞ U → colim
x∈imU
τ
∧
∞Up.p. ≃ τ
∧
∞ Z(x)p.p.
20
The shape functor commutes with colimits, and so we can functorially identify
the stalks at x of the morphism of sheaves
sh τ∧∞Xe´t → sh τ
∧
∞Xe´t.p.p.
as being
sh τ∧∞ Z(x)→ sh τ
∧
∞ Z(x)p.p.
And then we conclude that the morphism is an equivalence on stalks by Corol-
lary 1.25.
It seems plausible that the above argument could be reworked using reified
valuative spectra of [28] to conclude the above for arbitrary hausdorffK-analytic
spaces. Since this is outside of the scope of this document, we set aside the
problem for future work. For the next section, we only need the equivalence
of protruncated shapes between the quasi-e´tale and the e´tale topoi for strictly
K-analytic varieties. ⊲
As a tool to give counter-examples later, we now characterize the rational
e´tale cohomology of a non-archimedean analytic space. The following proposi-
tion is presumably well known, and appears as a comment in [10]. We give the
easy proof for completeness.
Proposition 2.8. For a non-archimedean analytic space X , we have a natural
isomorphism
Hi(Xqe´t,Q) ∼= H
i(Xe´t,Q) ∼= H
i(|X |,Q)
Proof. Recall, following the notation of Section 4.2 of [6] that we have a mor-
phism of sites π : X → |X |. This leads to a spectral sequence
Ep,q2 = H
q(|X |, Rpπ∗Q)
Now we must examine the sheaves Rpπ∗Q. Consider the stalk at a point x ∈ |X |
and the stalk’s description as Galois cohomology from the same section of [6],
(Rpπ∗Q)x = H
p(GalH (x),Q)
But the right hand side is trivial for p > 0. Thus the above spectral sequence
degenerates at E2 and we get the desired isomorphism.
Now let K be a complete non-archimedean field, with non-trivial valuation,
and let V be a variety over K, i.e. an integral scheme of finite type over K.
The variety V has an e´tale homotopy type, and we have just defined an e´tale
homotopy type for the analytification V an. We can immediately deduce some
comparison theorems from the literature.
Recall Theorem 3.1 of [8], which we reproduce in our notation below.
Theorem 2.9 ([8]). Let φ : Y → X be a morphism of finite type between
schemes which are locally of finite type over K, and let F be a constructible
abelian sheaf on Y of torsion groups whose orders are coprime to the character-
istic of K. Then for any q ≥ 0 there is a canonical isomorphism
(Rqφ∗F )
an ∼→ Rqφan∗ F
an
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In the non-proper case, we must pass to the {p}-profinitely completed ho-
motopy type.
Theorem 2.10. Let p be the characteristic of K. If p > 0, then the {p}-
profinitely completed e´tale homotopy type of the variety V is equivalent to the
{p}-profinitely completed e´tale homotopy type of its analytification V an.
̂´et{p} V ≃ ̂´et{p} V an
If p = 0 or V is proper, then it is true for the profinitely completed e´tale
homotopy types.
̂´etV ≃ ̂´etV an
Proof. We wish to apply Proposition 1.18. By the referenced theorem of [8],
we have the needed comparison result for abelian cohomology. The remaining
question is on fundamental groups, which in the case that K is of characteristic
zero is a direct corollary of Theorem 3.1 of [32], and in the case that K is of
characteristic p > 0, follows from Theorem 4.1 of [32] which gives an equivalence
on the category of G-torsors for any group G whose order is not divisible by p.
Now assume that V is proper.
In both the classical and Berkovich e´tale categories, sheaf theoretic G-torsors
are representable as spaces finite and e´tale over their respective bases. These
spaces are in bijection with locally free commutative algebra objects in the
category coherent modules, and GAGA gives an equivalence between the two
categories. This proves the two profinite spaces have the same fundamental
group for any basepoint.
To compare the p-primary abelian cohomology, we will use compactly sup-
ported e´tale cohomology. For a general proper morphism f : X → Y of non-
archimedean analytic spaces and a constructible sheaf F , Berkovich’s f!F is
not equal to f∗F . In the case where Y is compact, their global sections are
equal. This implies that at least the derived functors
RΓ ◦Rf! ≃ RΓ ◦Rf∗
are equal. In particular if Y is a point and X is compact, we see that the
compactly supported e´tale cohomology agrees with the usual e´tale cohomology
Hic(Xe´t,F )
∼= Hi(Xe´t,F )
We can then apply the comparison theorem for compactly supported cohomol-
ogy of [6], which does not have the restriction on the orders of the coefficient
groups. This gives the chain of equivalences
Hi(Ve´t,F ) ∼= H
i
c(Ve´t,F )
∼= Hic(V
an
e´t ,F )
∼= Hi(V ane´t ,F )
In fact the above point that principal homogeneous spaces are representable
in the category of non-archimedeanK-analytic spaces does not require finiteness
hypotheses. This proves the following theorem.
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Theorem 2.11. Let X be a non-archimedean K-analytic space and let x be a
given geometric point of X , then the fundamental pro-group of the e´tale homo-
topy type of X is isomorphic to de Jong’s e´tale fundamental group as defined in
[13].
πtop1 (e´tX , x)
∼= πe´t1 (X , x)
On the left hand side, the pair (e´tX , x) means we are identifying the pro-
space e´t x as a point, and functoriality gives the morphism e´tx → e´tX which
witnesses a point on the latter pro-space.
A natural question to ask would be if the above shape equivalence holds
without profinite completion. This fails almost immediately, as de Jong’s ob-
serves in [13] that the p-adic logarithm is a ∪iµpi -torsor over A
1
Cp
. A natural
solution would be to assume properness, but this of course does not work – even
in the discretely valued case – as the following example shows.
Example 2.12. Let E be an elliptic curve over a complete discretely valued
field K, which admits a regular but not smooth semi-stable model over the
valuation ring R. Then the map of e´tale homotopy types is not an equivalence
of protruncated spaces
e´tEan → e´tE
To see this, just compute H1(−,Q) using Theorem 2.8. ⊳
In fact in [13] it is even shown that Pn
Cp
itself has interesting fundamental
group.
Similarly, we can ask about analogues of Friedlander’s homotopy fiber the-
orem, see [17]. We can modify the above to see that it must be false without
ℓ-profinite completion, even in pure characteristic zero.
Example 2.13. Give A2 × P2 the coordinates (a, b; x : y : z), and consider the
space Y ⊂ A4 defined by the ideal (y2z−x3−axz2−bz3). The map π : Y → A2
is clearly projective, but has some non-smooth fibers. Remove the discriminant
locus ∆ in A2 to get B = A2 \∆, and write E = π−1B.
Then π : E → B is smooth and projective, but different fibers may have
different e´tale homotopy types. Since every elliptic curve up to isomorphism is
a fiber in this family, both elliptic curves of good reduction and semi-stable bad
reduction appears as a fiber in the family. In particular, the e´tale homotopy
type of at least one of the fibers is not equivalent to the homotopy fiber of
e´t E → e´tA1K . ⊳
Since analytification preserves fiber products, we know that (Xy)
an = Xanyan .
Theorem 2.10 implies that if we analytify one of these fiber sequences it remains
a fiber sequence. In fact Friedlander’s proof works in the non-archimedean
world, under somewhat restrictive assumptions.
Proposition 2.14. Let f : X → Y be a smooth and proper map of non-
archimedean K-analytic spaces for K non-trivially valued. Assume that
1. both are compact and hausdorff,
2. the morphism f has geometrically connected fibers,
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3. the e´tale fundamental group π1(Y) acts trivially on the cohomology of the
fibers,
4. and that the analytic space Y is connected.
Then the following is a homotopy fiber sequence of ℓ-profinite spaces.
̂´etℓ Xy → ̂´etℓX → ̂´etℓ Y
Proof. We have three converging spectral sequences and morphisms between
them
Ep,q2 (S) = H
p
sing(
̂´etℓ Y, Hq(F,Z/ℓ)) ⇒ Hp+qsing ( ̂´etℓ X ,Z/ℓ)
Ep,q2 (S
′) = Hpsing(
̂´etℓ Y, Hq(Xy,Z/ℓ)) ⇒ Hp+qsing ( ̂´etℓ X ,Z/ℓ)
Ep,q2 (V ) = H
p
sheaf(Ye´t, H
q(Xy,Z/ℓ)) ⇒ H
p+q
sheaf(Xe´t,Z/ℓ)
Ep,q2 (L) = H
p
sheaf(Ye´t, R
qf∗Z/ℓ) ⇒ H
p+q
sheaf(Xe´t,Z/ℓ)
≃ ≃ ≃
The marked isomorphisms come from Verdier’s hypercover theorem. If each
Rqf∗Z/ℓ is constant, then E
p,q
2 (V )→ E
p,q
2 (L) is also an isomorphism. The map
from Ep,q2 (S
′) to Ep,q2 (S) is the one induced by the universal property of the
homotopy fiber. For Rqf∗Z/ℓ to be constant, it is enough to know that R
if∗
takes locally constant ℓ-torsion sheaves to locally constant ℓ-torsion sheaves, i.e.
proper-smooth base change. If X and Y are strictly K-analytic, we may appeal
to the theory of adic spaces to show this. See for example Theorem 6.2.2 of
[22] and its Corollary, noting that Propositions 3.3.1 and 3.3.2 of [5] guarantee
the associated morphism of rigid spaces is smooth and proper, and Remark
1.3.19 and Proposition 1.7.11 of [22] guarantee the associated morphism of adic
spaces is smooth and proper. Vladimir Berkovich has pointed out in private
communication that one may tensor up to a larger non-archimedean field where
the base space is strictly analytic, and then push the results back down to deduce
that the higher direct images of locally constant sheaves are locally constant for
a smooth and proper morphism with non-strictly analytic base.
From here, we simply proceed as in [17]. We create a tower of e´tale coverings
of Y, and in the colimit the cohomology spectral sequences all collapse. The
isomorphism on abutments forces the Ep,q2 terms to become isomorphic, so that
in particular
Hq(Xy ,Z/ℓ)→ H
q(F,Z/ℓ)
is an isomorphism. In ℓ-profinite spaces, this says exactly that they are equiva-
lent.
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3 Kummer e´tale homotopy type of log formal
schemes
Throughout this section, we will let R be a complete discrete valuation ring,
m = (π) its maximal ideal with chosen non-zero uniformizer π, K its field of
fractions, and k its residue field.
We must first review the theory already in place for formal schemes, set up
in [7] and [9].
Definition 3.1. A formal scheme X/ spf R is called special formal if it locally
is the formal spectrum of an adic ring A, and for some ideal of definition a ⊂ A,
the quotients A/an for positive integer powers are all finitely generated over R.
Any formal scheme topologically of finite type is special. Recall that the local
models for special formal schemes are formal affines that admit a closed immer-
sion into the formal spectrum of the topological ringR{T1, . . . , Tm}[[S1, . . . , Sn]].
Definition 3.2. Let f : X→ Y a morphism of special formal scheme over spf R.
We say f is adically e´tale if it is locally topologically of finite type, and for any
ideal of definition I of Y, the induced morphism of schemes (X,OX/IOX) →
(Y,OY/I) is classically e´tale.
These morphisms do not obviously give a topos of direct interest from the
perspective of non-archimedean geometry. Proposition 2.1 of [9] gives a natural
equivalence between the adically e´tale topos of X and the classical e´tale topos
of its closed fiber Xs. In particular the adically e´tale topos of a special formal
scheme is not invariant under admissible blow up. We can, however, use this
topology to define log structures on such schemes.
Definition 3.3. Let X be a special formal scheme. A pre-log structure on X
is the data (MX, α) of a sheaf of commutative monoids MX for Berkovich’s
adically e´tale topology, and a homomorphism of sheaves of monoids α :MX →
OX, where the target sheaf is given the multiplicative structure.
In the case where α : α−1(O∗X) → OX is an isomorphism, we say that
(MX, α) is a log structure on X.
Given any pre-log structureM′, there is a unique up to unique isomorphism
associated log structure M through which any morphism M′ → N to a log
structure factors uniquely. This is given by the pushout of
M′ ← α−1OX → OX
A morphism (f, f#) : (X,M, α)→ (Y,N , β) of log special formal schemes is
a morphism of underlying special formal schemes f , along with a compatibility
morphism f# : f−1N →M of the log structures, in the sense that it gives the
obvious commutative diagram between f−1β : f−1N → f−1OY and α :M→
OX.
The primary case of interest is where the log structure is given by the func-
tions vanishing only along the special fiber. In fact we will give all special formal
schemes the canonical log structure, denotedMcanX which is given by setting the
sheafs sections McanX (Y) on an adically e´tale morphism Y→ X to be the sub-
set of OY given functions which are invertible on the non-archimedean analytic
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space associated to the generic fiber Yη. If Y ⊂ Xs is a subscheme, then we can
complete along it to get XˆY . This can be given a log structure by demanding
the morphism XˆY → X be a strict log morphism, that is by letting the log
structure on X generate one on XˆY . This does not agree in general with the
canonical log-structure on XˆY .
We can generalize this type of log structure with the notion of a vertical log
structure from [11]
Definition 3.4. The log structure MX on a log formal scheme will be called
vertical if the localization of MX with respect to the sub-monoid R \ {0} is a
sheaf of abelian groups.
An important example is that the canonical log structure is vertical.
Working with e´tale sheaves is somewhat unwieldy, so we bring along the
notion of a chart for a log structure.
Definition 3.5. A log special formal scheme (X,M) will be said to have a chart
P →M if P is a constant sheaf in the adically e´tale topology for a monoid P ,
and M is the associated log structure.
A log structure on a special formal scheme is said to be coherent if it adically
e´tale locally admits charts. The log structure will be called fine or saturated if
all such charts are fine or saturated. See for example [26] for full definitions.
3.1 Algebra of log special formal schemes
There are two natural candidates for classes of ‘good’ morphisms between spe-
cial formal schemes, those that are completions of morphisms of schemes finite
type and flat over specR with the corresponding property, and those that are
‘adically’ so. For our purposes it turns out the base objects are those of the
former type, but the Grothendieck topology will consist of morphisms of the
latter type.
Definition 3.6. Let X be a morphism between fine vertical log special formal
schemes. We will say that:
1. f is algebraizably formally R-log smooth,
2. f is algebraizably R-log smooth
if adically e´tale locally we can realize the morphism as the completion of a
morphism of flat and finite type fine log schemes over specR. That is, as a map
φ : (X,M)→ specR completed along a locally closed subscheme Z ⊂ Xs, e.g.
XˆZ → Xˆ → spf R
and further more φ satisfies the corresponding property in the following list:
1. if φ can be taken to be log smooth on a neighborhood of Z,
2. if φ can be taken to be log smooth on a neighborhood of Z, and Z = Xs,
This is the same notion as formally R-log smooth and R-log smooth of [11].
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The above can be made relative to a morphism of log special formal schemes,
but it does not seem to result in anything interesting in the generality we are
working in.
Definition 3.7. Let f : X→ Y be a morphism which is topologically of finite
type between fine vertical log special formal schemes. We will say that:
1. f is adically log e´tale
2. f is adically kummer e´tale
if they are adically so, that is when for any ideal of definition I of Y the induced
morphism f : (X,OX/IOX)→ (Y,OY/I) has the corresponding property.
This is the same notion as log e´tale and kummer e´tale of [11].
The class of adically kummer e´tale morphisms will give us a good category
and Grothendieck pre-topology to use to define the adically kummer e´tale site.
Definition 3.8. The small adically kummer e´tale site siteXake´t of a log special
formal scheme X will be the category whose underlying objects are adically
kummer e´tale morphisms Y→ X, whose morphisms are commutative triangles.
This is given the pre-topology generated by jointly surjective families. The
associated topos will be denoted τXake´t, and the associated hypercomplete ∞-
topos will be denoted τ∧∞Xake´t.
We will start with some lemmas about the basic algebraic structures involved
here.
Lemma 3.9. Let f : X → Y be a morphism of separated locally noetherian
special formal schemes. Assume that it can be realized as a completion f = Fˆ
of a map F : X → Y of schemes locally of finite type and flat over specR, with
subschemes Z ⊂ Ys and Z ′ ⊂ Xs, such that Z ′ is open in F−1(Z).
Explicitly, we factor f as
Xˆ ′Z → XˆF−1Z → YˆZ
Then F is classically e´tale on a neighborhood of Z ′ if and only if f is adically
e´tale.
Proof. The key idea here is that OX,x and OX,x have the same completions as
local rings. The algebraizability of the schemes implies that the algebra OX,x →
OY,f(x) is of finite type, and is not just topologically of finite type. We deduce
that OX,x → OY,F (x) is e´tale if and only if the map OX,x → OY,f(x) is. We only
must show that being adically e´tale and being of finite type implies formally
e´tale for local rings. But we can check the e´taleness of a finite type morphism
of local rings on the special fiber, which being adically e´tale implies.
As a corollary, an e´tale morphism of schemes Y → X induces an adically
e´tale morphism Y → X. If we enrich these schemes by giving them strict
log structures over specR, a natural question is if a log e´tale or kummer e´tale
morphism completes to an adically log e´tale or adically kummer e´tale morphism.
Proposition 3.10. The completion of a log e´tale morphism f : X → Y of
coherent log schemes X and Y which are individually strict over specR gives
an adically log e´tale morphism f : X → Y where both special formal schemes
are endowed with their canonical log structures.
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Proof. By the above observation, we can immediately reduce to the case where
X and Y have charts P and Q respectively, in which case we must merely note
that Y ×specZ[Q] specZ[P ] is canonically isomorphic to Y ×specR[Q] specR[P ],
the completion of which is exactly Y ×̂spf R{Q} spf R{P}. Thus if the map
X → Y ×specZ[Q] specZ[P ] is classically e´tale, then the induced map X →
Y ×̂spf R[Q] spf R[P ] is adically e´tale.
The following lemma will be important in a later comparison theorem as
it allows us to pass between the formalisms of log schemes and of log formal
schemes.
Lemma 3.11. Let (X,M) = spf A and (Y, N) = spf B be the formal spectra of
special R-algebras with fine vertical log structures. Assume that they are given
global charts P → A and Q → B. Further assume that B is a finite A-algebra.
Then a morphism of log formal schemes f : Y→ X is adically kummer e´tale if
and only if the natural map F from X = specA to Y = specB is kummer e´tale
as a map locally of finite type of fine noetherian log schemes.
Proof. In such a chart, being adically kummer is that the map of monoids
P → Q itself is kummer and that
Y→ X×̂spf R{P} spf R{Q}
is adically e´tale. However, spf R{Q} is a finite spf R{P} algebra, as we will see
in the proof of the next proposition. This implies that the above completed
tensor product is the usual tensor product. Thus the map Y → X factors
through X ×specR[P ] specR[Q] and the map to this fibered product is e´tale if
and only if its completion is formally e´tale.
Now we can come to the machinery of passing between adically kummer
e´tale topos and the quasi-e´tale topos. This proposition is essentially the same
as one in [11]
Proposition 3.12. The generic fiber of an adically kummer e´tale morphism
f : X → Y between log special formal schemes with vertical log structures is
quasi-e´tale.
This gives a morphism of sites from the adically kummer e´tale site of X to
the quasi-e´tale site of the associated generic fiber, site(Xake´t) → site(Xη,qe´t),
inducing a map of topoi τ(Xη,qe´t)→ τ(Xake´t)
Proof. The generic fiber of an adically e´tale morphism is quasi-e´tale as a mor-
phism of non-archimedean analytic spaces, and being quasi-e´tale is local for the
quasi-e´tale topology. We may then reduce the problem adically e´tale locally on
both the base and source. This allows us to assume that both X and Y are
given charts P and Q respectively and that we can factor the map through the
pull-back
X
Y×ˆspf R{Q} spf R{P} spf R{Q}
Y spf R{P}
f ′
p
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The map f ′ is adically e´tale, and so its generic fiber is quasi-e´tale. The
map p will have e´tale generic fiber, simply because the algebra map of affinoid
algebras K ⊗R R{Q} → K ⊗R R{P} is e´tale. The composition is then still
quasi-e´tale.
The above induces a map of sites which induces a map on {p}-profinite
completions of the shapes of the associated ∞-topoi,
q̂e´t{p} X → âke´t{p} X
which we will study.
3.2 The comparison theorem
Let X be an algebraizably log smooth fs log formal scheme. We can zariski-
locally cover X by special formal affines, that is by open formal subschemes of
the form spf A for some special adic R-algebra A. Furthermore, we can work
adically e´tale locally to assume that the algebra A is the completion of an affine
log scheme V = specS flat and finite type specR along some closed subset of
the special fiber Z ⊂ Vs. We can further assume that V/ specR is a fine vertical
log smooth morphism, and we can further assume that the log structure on both
V and X is given by a chart P → OX = A.
Write X = specA for the affine noetherian log scheme given by the commu-
tative ring A along with its log structure induced by P → A = OX .
We begin with the following theorem.
Theorem 3.13. The scheme X is log regular.
Proof. By Proposition 7.1 of [27], it is enough to check along the closed points
of X . These are in bijection with the closed points of X. For a closed point
x ∈ X , we can now study the local ring OX,x. This local ring admits an ideal
Ix generated by Mx \ O∗X,x. In the local case, we can also describe Ix in terms
of the chart, as the ideal Ix = (P \P ∩O∗X,x)OX,x. For X to be log regular at x,
we want the local ring OX,x/Ix to be regular and to have the following equality
hold.
dimOX,x = dimOX,x/Ix + rankZ(M
gp)x \ O
∗
X,x
The left-hand side is always bounded above by the right hand side. We claim
that this equality holds if and only if the following equality does.
dim OˆX,x = dim OˆX,x/Jx + rankZ(N
gp)x \ Oˆ
∗
X,x
Here N is the log structure induced on the ring OˆX,x by the composition P →
OX,x → OˆX,x, and Jx is the ideal generated by Nx\Oˆ∗X,x. As above, this admits
a description as Jx = (P \ P ∩ Oˆ∗X,x)OˆX,x, but because the map OX,x → OˆX,x
is injective on units, we see that the two sets of generators are equal
P \ P ∩ Oˆ∗X,x = P \ P ∩ O
∗
X,x
Thus IxOˆX,x = Jx. This implies that the completion of OX,x/Ix is isomorphic
to OˆX,x/Jx, and thus their dimensions are equal.
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We are then reduced to worrying about the rank term. We see that the
stalk of Mgp at x must be the groupification of Mx as groupification preserves
colimits. Since both N and M are log structures associated with the same
pre-log structure, we see that the two abelian groups are isomorphic.
The second equality holds by applying the above argument to the spectrum
of the ring S along the point corresponding to x, noting that S with the log
structure induced by P is log regular, as it is log smooth over a log regular
base.
Now we can state the local comparison theorem.
Theorem 3.14. Let the assumptions on X be the local ones introduced at the
very beginning of this subsection. The {p}-profinitely completed quasi-e´tale ho-
motopy type of the strictly K-affinoid space X = Xη is equivalent to the {p}-
profinitely completed adically kummer e´tale homotopy type of its formal model
X. More explicitly We have a chain of equivalences of profinite spaces
̂´et{p} X ≃ q̂e´t{p} X ≃ ̂´et{p}XK ≃ ̂´etke´t{p}Xke´t ≃ âke´t{p} Xake´t
We will break the proof up into two pieces, one regarding the fundamental
group and one regarding abelian cohomology.
Proof for fundamental pro-groupoids. The first isomorphism of groupoids is an
immediate consequence of Theorem 2.4. The second is Kiehl’s theorem, and
the third follows from a result of K. Fujiwara and K. Kato in an unpublished
preprint. See Proposition B.7 of [18] for a statement and proof. The fourth
isomorphism follows by coherent descent of modules for affine noetherian formal
schemes, plus the Lemma 3.11.
The cohomological case proven in more generality in [11], and the method of
proof given here is quite similar in spirit. The difference is that we pass through
the formalism of adic spaces.
Proof for cohomology. We must check that the cohomology of each topos with
locally constant coefficients agrees with that of each other one. Let us explicitly
write the chain of maps on the level of cohomology.
Hi(Xe´t)
(1)
→ Hi(Xqe´t)
(2)
← Hi(X ade´t )
(3)
← Hi(X e´tK )
(4)
← Hi(Xke´t)
(5)
← Hi(Xake´t)
The reader should beware the adic space we added in the above list.
We first argue the case for constant coefficients. From left to right, the
first equivalence follows from Corollary 2.6. The second isomorphism is also
a consequence of Theorem 2.4. The third isomorphism follows from Corollary
3.2.2 of [22] if the coefficients are constant. In general we base change along
a finite e´tale cover on which the system is constant, and use the Hochschild-
Serre spectral sequence to deduce it for the original space X. This reduction was
suggested in [20]. The fourth isomorphism follows from the work of K. Fujiwara,
K. Kato, and Ch. Nakayama. The fifth isomorphism is a bit more complicated,
and we will argue for it in the next paragraph.
If X is topologically of finite type, then it follows as the class of kummer e´tale
algebras of the affine log schemeX and the adically kummer e´tale algebras of the
affine log formal scheme X coincide by The´ore`me 7 of [16]. See also Theorem
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3 of section 4 of [18]. The last isomorphism then follows since the topoi are
equivalent. If it is not topologically of finite type, we must be slightly more
careful. We will show that λ = (3) ◦ (4) ◦ (5) is an isomorphism. Since both
(3) and (4) are isomorphisms, (5) must be as well. The group homomorphism
λ is induced by the generic fiber functor of topoi. If we are completing X along
some subscheme Y ⊂ X˜, to obtain Y = XˆY then we can apply the isomorphism
of Proposition 3.15 of [21] (cf. Theorem 3.1 of [9] as well) to conclude the
cohomology of X ade´t and that of Xake´t are isomorphic.
By applying Proposition 1.18. Now we can globalize the result.
Theorem 3.15. Let X be a locally noetherian separated special formal scheme
with canonical log structure. Assume that X is fine as a log formal scheme, and
also algebraizably formally R-log smooth. Put X for its generic fiber considered
as a K-analytic space. Then we have an equivalence of the {p}-profinite quasi-
e´tale homotopy type of X and the {p}-profinite adically kummer-e´tale homotopy
type of X.
q̂e´t{p} X → âke´t{p} X
Proof. Cover X by an affine cover X = ∪iUi where each Ui satisfies the hypoth-
esis of the local comparison theorem above. We can then take the associated
simplicial formal scheme
U• = cosk0
[∐
i
Ui → X
]
which is an e´tale hypercover of X. Further, by the separated hypothesis, we see
that the simplicial formal scheme U• is levelwise affine, and that each level also
meets the hypothesis of the local comparison theorem.
We can now consider hU• as a simplicial object of the hypercomplete adically
e´tale ∞-topos τ∧∞Xae´t. Now, post-compose this with the ‘slice topos’ functor
∆op → τ∧∞Xae´t → RTop/ τ
∧
∞Xae´t
This functor preserves colimits by Proposition 6.3.5.14 of [29]. The shape functor
is defined as a left adjoint and thus preserves colimits. Furthermore the {p}-
profinite completion functor is also a left adjoint and thus also preserves colimits.
Now we see that
q̂e´t{p} X ≃ colim
[n]∈∆op
q̂e´t{p} U[n]
and similarly that
âke´t{p} X ≃ colim
[n]∈∆op
âke´t{p} U[n]
But we have a natural transformation between the two diagrams of {p}-profinite
shapes that induces a level wise equivalence by the local comparison above. Thus
it glues together into a global equivalence of {p}-profinite simplicial sets.
Picking a homotopy inverse to qe´tX → e´tX and {p}-profinitely completing
it immediately implies the following corollary.
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Corollary 3.16. Let X be a locally noetherian separated special formal scheme
with canonical log structure. Assume that X is fine as a log formal scheme, and
also algebraizably formally R-log smooth. Put X for its generic fiber considered
as a K-analytic space.
There is an equivalence of {p}-profinite spaces
̂´et{p} X ≃ âke´t{p} X
It also will imply the following, although we will include a proof to explain
the gap from Theorem 3.15 to it.
Corollary 3.17. Let VR be a locally of finite type log smooth R-scheme over
a complete discrete valuation ring R, and let p be the residue characteristic of
R. Further assume that the morphism VR → specR is a strict log morphism,
so that in particular VK = V
triv
R .
Then the open immersion of the two analytifications induces an equivalence
of {p}-profinite e´tale homotopy types
̂´et{p} (V̂R)η ≃ ̂´et{p} (VK)an
Proof. By Theorem 2.10, we have
̂´et{p} (VK)an ≃ ̂´et{p} (VK)
by the work of Fujiwara, Kato, and Nakayama we have that the {p}-profinite
e´tale homotopy type of VK is equivalent to the {p}-profinite kummer e´tale ho-
motopy type of VR. ̂´et{p} (VK) ≃ sh∧{p} ( τ∧∞ V ke´tR )
Moving the other way in the diagram, Theorem 3.15 states that
̂´et{p} (V̂R)η ≃ âke´t{p} V̂R
and finally we observe that
âke´t{p} V̂R ≃ sh
∧
{p}
(
τ
∧
∞ V
ke´t
R
)
since the cohomology of both computes nearby cycles.
References
[1] Reveˆtements e´tales et groupe fondamental (SGA 1), volume 3 of Docu-
ments Mathe´matiques (Paris). Socie´te´ Mathe´matique de France, Paris,
2003. Se´minaire de ge´ome´trie alge´brique du Bois Marie 1960–61., Directed
by A. Grothendieck, With two papers by M. Raynaud, Updated and anno-
tated reprint of the 1971 original.
[2] M Artin, A Grothendieck, and JL Verdier. The´orie des topos et cohomologie
e´tale des sche´mas. tome 2, se´minaire de ge´ome´trie alge´brique du bois-marie
1963–1964 (sga 4). Lecture Notes in Mathematics, 270, 1973.
[3] M. Artin and B. Mazur. Etale homotopy. pages iii+169, 1969.
32
[4] Ilan Barnea, Yonatan Harpaz, and Geoffroy Horel. Pro-categories in ho-
motopy theory. arXiv preprint arXiv:1507.01564, 2015.
[5] Vladimir G. Berkovich. Spectral theory and analytic geometry over non-
Archimedean fields, volume 33 of Mathematical Surveys and Monographs.
American Mathematical Society, Providence, RI, 1990.
[6] Vladimir G Berkovich. E´tale cohomology for non-archimedean analytic
spaces. Publications Mathe´matiques de l’IHE´S, 78(1):5–161, 1993.
[7] Vladimir G Berkovich. Vanishing cycles for formal schemes. Inventiones
mathematicae, 115(1):539–571, 1994.
[8] Vladimir G Berkovich. On the comparison theorem for e´tale cohomology
of non-archimedean analytic spaces. Israel Journal of Mathematics, 92(1-
3):45–59, 1995.
[9] Vladimir G. Berkovich. Vanishing cycles for formal schemes. II. Invent.
Math., 125(2):367–390, 1996.
[10] Vladimir G. Berkovich. Integration of one-forms on p-adic analytic spaces,
volume 162 of Annals of Mathematics Studies. Princeton University Press,
Princeton, NJ, 2007.
[11] Vladimir G Berkovich. Complex analytic vanishing cycles for formal
schemes. 2015.
[12] David Carchedi and Elden Elmanto. Relative e´tale realization of motivic
spaces. preprint.
[13] A. J. de Jong. E´tale fundamental groups of non-Archimedean analytic
spaces. Compositio Math., 97(1-2):89–118, 1995. Special issue in honour of
Frans Oort.
[14] Antoine Ducros. Families of berkovich spaces, 2011.
[15] Daniel Dugger, Sharon Hollander, and Daniel C. Isaksen. Hypercovers and
simplicial presheaves. Math. Proc. Cambridge Philos. Soc., 136(1):9–51,
2004.
[16] Rene´e Elkik. Solutions d’e´quations a` coefficients dans un anneau hense´lien.
In Annales Scientifiques de l’Ecole Normale Supe´rieure, volume 6, pages
553–603, 1973.
[17] Eric M. Friedlander. E´tale homotopy of simplicial schemes, volume 104
of Annals of Mathematics Studies. Princeton University Press, Princeton,
N.J.; University of Tokyo Press, Tokyo, 1982.
[18] Yuichiro Hoshi et al. The exactness of the log homotopy sequence. Hi-
roshima Mathematical Journal, 39(1):61–122, 2009.
[19] Marc Hoyois. Higher galois theory. arXiv preprint arXiv:1506.07155, 2015.
33
[20] David Hansen (https://mathoverflow.net/users/1464/david hansen). Com-
parison between analytic etale cohomology and algebraic etale cohomol-
ogy for affinoids. MathOverflow. URL:https://mathoverflow.net/q/278226
(version: 2017-08-08).
[21] R. Huber. A finiteness result for direct image sheaves on the e´tale site of
rigid analytic varieties. J. Algebraic Geom., 7(2):359–403, 1998.
[22] Roland Huber. E´tale cohomology of rigid analytic varieties and adic spaces.
Aspects of Mathematics, E30. Friedr. Vieweg & Sohn, Braunschweig, 1996.
[23] Daniel C Isaksen. Strict model structures for pro-categories. In Categorical
decomposition techniques in algebraic topology, pages 179–198. Springer,
2003.
[24] Daniel C. Isaksen. Etale realization on theA1-homotopy theory of schemes.
Adv. Math., 184(1):37–63, 2004.
[25] John Frederick Jardine. Simplical presheaves. Journal of Pure and Applied
Algebra, 47(1):35–87, 1987.
[26] Kazuya Kato. Logarithmic structures of Fontaine-Illusie. Algebraic analy-
sis, geometry, and number theory (Baltimore, MD, 1988), pages 191–224,
1989.
[27] Kazuya Kato. Toric singularities. American Journal of Mathematics,
116(5):1073–1099, 1994.
[28] Kiran S. Kedlaya. Reified valuations and adic spectra, 2013.
[29] Jacob Lurie. Higher topos theory. Number 170. Princeton University Press,
2009.
[30] Jacob Lurie. Derived Algebraic Geometry XI: Descent Theorems.
http://math.harvard.edu/l˜urie/papers/DAG-XI.pdf, 2011.
[31] Jacob Lurie. Derived Algebraic Geometry XIII: Rational and p-adic Homo-
topy Theory. http://math.harvard.edu/l˜urie/papers/DAG-XIII.pdf, 2012.
[32] Werner Lu¨tkebohmert. Riemann’s existence problem for a p-adic field.
Inventiones mathematicae, 111(1):309–330, 1993.
[33] J. P. May. The dual Whitehead theorems. In Topological topics, volume 86
of London Math. Soc. Lecture Note Ser., pages 46–54. Cambridge Univ.
Press, Cambridge, 1983.
[34] J Peter May and Kate Ponto. More concise algebraic topology: localization,
completion, and model categories. University of Chicago Press, 2011.
[35] James S. Milne. E´tale cohomology, volume 33 of Princeton Mathematical
Series. Princeton University Press, Princeton, N.J., 1980.
[36] Fabien Morel. Ensembles profinis simpliciaux et interpre´tation ge´ome´trique
du foncteur t. Bulletin de la Socie´te´ Mathe´matique de France, 124(2):347–
373, 1996.
34
[37] Gereon Quick. Stable e´tale realization and e´tale cobordism. Adv. Math.,
214(2):730–760, 2007.
[38] Gereon Quick. Profinite homotopy theory. Doc. Math, 13(585-612):2, 2008.
[39] Gereon Quick. Continuous group actions on profinite spaces. Journal of
Pure and Applied Algebra, 215(5):1024–1039, 2011.
[40] Marco Robalo. Noncommutative motives i: A universal characterization of
the motivic stable homotopy theory of schemes, 2012.
[41] The Stacks Project Authors. stacks project.
http:// stacks.math.columbia.edu , 2016.
[42] Bertrand Toe¨n and Gabriele Vezzosi. Segal topoi and stacks over segal
categories. arXiv preprint math/0212330, 2002.
35
